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ADVERTISEMENT. 


(HE following Performance, containing 
many geometrical Demonſtrations, which 
may be of great Uſe in perfecting the Theory 
of the Moon, it was thought a Tranſlation 
would prove acceptable to the Engliſb Aſtro» 


homers and Geometricians. 


In the Courſe of this Work, the ingenious 


Author has clearly expoſed the Fallacy of a 
plaufible Objection which M. Clairaut for- 
merly made to the grand Principle of the 


Neutonian Philoſophy. The Obje&ion was 


produced by a Deduction from Geometry, 
and therefore its Truth or Falſity was rea- 
dily-to be diſcovered by that Science and juſt 


_ Obſervations. 


The Property of Attraction is demonſtrated 
by a thouſand Experiments, and its Laws are 
eſtabliſhed upon indubitable geometrical Prin- 
ciples. Our Ignorance of the Cauſe of Attrac- 


tion can no more render the Property itſelf 


: precarious, than we can doubt, that the Con- 
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ADVERTISEMENT. | 
traction of the Muſcles is really the Cauſe of 
Motion in Animals, although the Cauſe of muſ- 
cular Contraction remains undiſcovered. 

E ought to be obſervod, that inſtead of the 
differential Calculus made uſe of by the Fo- 
reigners, the Method of Fluxions is here uſed 
as more agreeable to the Engliſh Reader. 

All I ſhall add further, is this ; that all the 
mathematical Calculations have been ſtrictly 
examined and carefully corrected by Mr. 
EMERSON. And whatever Errors have 
eſcaped in the Original, are rectified in this 
Tranſlation ; which I preſume will render this 
Work the more acceptable to the curious 


Reader. | ä 


J. BROWN. 
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P'EFPACT 


zZ i} HE Philaſophy of Sir Jaac New- 
ton, ſeemed to have attained ſuch 
a Degree of Certainty, by its 
Conformity with all the Appear- 

w ances of Nature, that there re- 
mained no Room to doubt of its being eſta- 
bliſhed on inconteſtable Principles. The ſcru- 
pulous Exactneſs which Geometricians have 
obſerved in their Enquiries, ſerved only to 


confirm the Syſtem of this great Man, till 


M. Cbairaut, of the Academy of Sciences, 


whoſe Merit is well known among Geome- 
tricians, in a Memoir which he read to the 
Academy in 1747, pretended to find by his 
Calculations, that the univerſal Law of Gra- 
vitation, eſtabliſhed by Sir Jaac Newton, 
namely, 


ii The PREFACE. 
namely, that its Force is in an inverſe Ratio 
of the Square of the Diſtance, will give to 
the Moon's Apogee only one half of the Mo- 
tion which Aſtronomers have diſcovered by 
their Obſervations; from whence he con- 
cludes, that it will be neceſſary to change this 
Law, by adding Something to correct its In- 

ſufficiency. | 

It is aſtoniſhing, that a Principle founded 

on ſo wonderful an Agreement with all the 
other Appearances, ſhould fail in this ſingle 
Caſe; and ſtill more, ſince, if this Diſcovery take 
Place, we cannot help accuſing Sir Jaac New- 
ton, and Mr. Machin, of an Error too groſs 
to be imputed to ſuch great Men; for both 
theſe Geometricians have calculated the Mo- 
tion of the Moon's Apogee; and altho' they 
have ſuppreſſed their Calculations," yet the 
Reſult which they have given us. agrees with 
Obſervations : How comes it then, that they 
have drawn, from a Principle well known. to 
them, Concluſions which ought not to follow? 
Sir Iſaac having demonſtrated, that not only 
all the celeſtial Motions in general are regu- 
| lated by this Law of the inverſe Ratio of the 
Square of the Diſtance, but that even all the 
— — which happen in theſe Mo- 


tions 
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tions are only neceflary Conſequences of this 
ſame Law, determined the Precise Quantity” 
of all the Varieties which are found; | the 
Motion of the Moon; afid Aſtronomers; af- 
ter remarking theſe irregular Phibiiciricaia, ac- 
knowledge at preſent the moſt exact Confor- 
mity between Sir Jaac Newton's Theory and 
their Obſervations : If therefore ſuch a Num- 
ber of Calculations, which all agree with Ex- 
perience, be contradicted by one only, can 
we avoid concl uding that it muſt be falſely 
deduced? Or is it difficult to arrive at the 
Truth, by a Road which leads us another 
Way. | 

Theſe Reaſons appeared ſufficient to af- 
ford Room for ſuſpecting ſome Fault in 
M. Clairaut's Method. That learned Aca- 
demician having communicated his Memoir 
to me after jt was printed, I found that his 
r was built upon a Hypotheſis, which 
would no way agree with the Queſtion to 
which he applied it, From the general Solu- 
tion which he gives of the famous Problem 
of three Bodies, he draws an Equation to re- 
preſent that of the Moon's Orbit ; but as this 
Equation is found too general for the Uſe 
which he would make of it, he is __ to 
| ve 
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| have Recourſe to a particular Suppoſition, to 


wit, that the Motion of the Moon may be 
exactly enough repreſented by a Curve, formed 
by the Motion of an Ellipſis around its Fo- 
cus; afterwards, by comparing his general 


Equation-with the Equation of this Curve, 


he endeavours to determine the Value of the 
Quantities which he has Occafion to know. 


But after the Introduction of this Hypotheſis, 
ĩt is plain that the preceding Calculation be- 


came uſeleſs, and it would have been more 
ſimple, to have deduced the Motion in Queſ- 
tion immediately from the Hypotheſis : In- 
deed we ſhall find, that the Reſult would be 
preciſely. the ſame, as that which M. Clairaut 


has drawn from the two combined Equa- 
tions. 


Jap * e! to M. Clairaut, in December, 
1748, ſome of the principal Reaſons. which + 
induced me to think this Hypotheſis. incom> 


patible with the Motion of the Moon, eſpe- 


cially: with that of her Apogee; theſe Rea» | 


ſonsare in my firſt Chapter. When we would 
make uſe of any arbitrary Hypotheſis, we 
cannot be two circumſpect; for if we be not 


well aſſured, that they will agree with the 


8 ature of the Thing to which they are ap- 


lied, 
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plied, it frequently happens, that they draw 


us into Conſequences irreconcileable to what 
has already been demonſtrated by Experience, 
and by direct and real Methods. Thus the 
Nature of this Hypotheſis, which we are now 
treating of, has obliged M. Clairaut to admit 
as Truths, That the Motion of the Apogee of 
the Moon is made in an uniform Progr. ſſion, 
and that the Excentricity of its Orbit is not 
ſulject to any other Variation; two Things 
which equally contradict both the Aſtrono- 
mers and Geometricians. Theſe Reflections 
are ſufficient to make us conclude, that this 
Theory ought to be looked on as defective, 
and that there is no Neceſſity of changing 
the univerſal Law of Gravitation before laid 
down, by ſubſtituting a new Expreſſion : To 
this may be added, the great Inconveniencies 
that would reſult to Philoſophy from ſuch a 
Change, which have been more than ſuffici- 
ently demonſtrated by an illuſtrious Mem- 
ber * of the ſame Academy. 

Io conſider the Thing more narrowly, 
having applied myſelf to diſcover by direct 
Methods the Motion of the Aptides, I found 


* 1M, de Buffin, 
B two 
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two general Methods, which T'ye applied to 
the Caſe of the Moon, and which have given 
me the Motion of its Apogee, entirely agree- 
able to Obſervations ;- that is to ſay, ſomething - 
more than three Degrees during each Revo- 
lution' of the Motion : In theſe Methods, to 
free the Queſtion as much as poſſible from 
Difficulty, I have refolved the Force of the 
Sun upon the Moon into two Parts, and have 
only employed that Part which increaſes or 
diminiſhes the Gravity of the Moon towards 
the Earth, which, according to Sir 1/aac 
Newton's Demonſtration, is the Cauſe of the 
Motion of the Apogee ; this Manner of re- 
ſolving the Problem, appeared to me the moſt 
ſimple, and leaſt ſubject to Error; I have ſup- 
poſed, that the Orbits are a little excentrical, 
which M. Clairaut, and the greateſt Part of 


the Geometricians, acknowledge, will occa- _ 


ſion no ſenſible Miſtake in the Determination 
of the Motion of the Moon's Apogee. There 


is, moreover, a third particular Method for 


calculating the Motion of this Planet ; it de- 
pends on a Propoſition, whoſe Demonſtration 
I have not given, but I thought we might de- 
pend on the Authority of Sir Jaac Newton. 


Having 
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Having thus engaged in this Queſtion, I 
thought it would prove of Service to the Sci- 
ences, if I communicated ſome Part of my 
Reſearches to the Public ; but, whilſt I was 
preparing this Piece, I learnt that M. Clairaut, 
having diſcovered the Fault which had flipt 
into his Theory, had changed his Opinion, 
and was endeavouring to find ſome Means to 
make it quadrate with Obſervations : Thus the 
Principle of Gravitation is re-eſtabliſhed com- 
pletely, and the Concluſions which I have 
drawn from my Method are confirmed, which 
has determined me to publiſh them. 
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Rob PSY HE celebrated Academician, after 
FM, having formed the general Equa- 


tion, . = 1—c Coſ. U-+Sin. 


Un Cof. U4U — Cof. Ua 
Sin. UdU, of the Orbit de- 


ſeribed wa the Moon, according to Sir Iſaac New- 
zon's Law, in order to determine the Motion of 


re FHEORY of-. - 
Its Fe introduces a new Equation, namely, 


. r Ec Cof. U, which is that of a Curve 


debenbed 8 vniformiy moving an Ellipſis around 
its Focus, in foch a Manner, that its Apſide 
ſhall deſcribe an Angle, which ſhall be to that 
which the Moon runs over in this Ellipſis, as 
 1—mto 1; by the Help of this particular Equa- 
tion, he makes Subſtitutions in the general Equa- 
tion, and afterwards by equalling the Terms of 
the two Equations, he deduces a Form by which 
he finds that the Motion of the Apogee of the 
Moon ought to be about 20 Degrees in a Year; 
that is to ſay, one Half of the Motion which 
it really makes. | | 


This Proceſs is not right for two Reaſons. 


SECT. II. 


"HE rs wo Feet 


A Cf „U, which is ſuppoſed 
very nearly to repreſent. that of the Orbir of tlie 
Moon, does not truly repreſent it, but is even 
greatly different from it, then the Concluſion, 
which Ke deduces by reducing the general Equa- 
tion to it, cannot be conformable to the T ruth : 
But it is certain chat this Equation cannot agree 
with 
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with the Moon's Orbit, ſince it ſuppoſes that the 
Apogee of the Moon always advances, and this 
Advancement is made by a conſtantly uniform 
Motion; whereas the real Apogee ſometimes re- 
cedes, ſometimes advances, and that too by a 
Motion which is not uniform; this is very plain, 
becauſe the Difference of the Forces which the 
Sun exerts upon the Earth and upon the Moon 
is, in Proportion to the Force of the Earth upon 
the Moon, ſometimes additive, ſometimes ſub- 
ſtractive, according to the Angle of the Elonga- 
tion of the Moon from the Sun: When it is addi- 
tive, that is to ſay, when it acts in the ſame Di- 
rection with that of the Earth, which happens 
about the Quadratures, then the two conjoined 
Forces form one compound Force, which is in a 
Ratio /e/s than the reciprocal one of the Square of 
the Diſtance from the Center of the Earth ; this 
makes the Apogee move retrograde, as it con- 
ſtantly is, by what Sir aac Newton has demon- 
ſtrated, and by what you'll find in the next Chaps 
ter: But when this Difference is ſubſtractive, 
that is, when it acts in a Direction contrary to 
that of the Earth, which happens towards the 
Syziges, then the Difference of the two Forces in 
Queſtion encreaſes in a Ratio greater than the 
reciprocal one of the Square of the Diſtance , 
which makes the Apogee advance: Conſequently, 

the 
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the Hypotheſis of the uniform Progreſſion of the 
Apogee cannot be admitted. 5 
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UR ſecond Reafon againſt this Proceſs is, 
chat the Hypotheſis of a moveable Ellipſis 
is only purely mathematical, and hath no Exiſtence 
in Nature; conſequently, the Concluſions drawn 


" therefrom will widely miſlead us from what we 


learn by Obſervations : For Sir J/aac Newton , 
having expreſsly examined this Hypotheſis, de- 
monſtrates, that in the Caſe of the Moon it would 
only give one Half of the Motion of the Apogee, 
and thus agrees with M. Clarrault in this Point : 
But Sir //aac, ſuſpecting the Defect of the hypo- 


thetic Method, abandoned every Suppoſition, and 


ſought, by a direct Method, to find what ought 
to be the Quantity of the Motion of the Apogee, 
(as may be ſeen in the Scholium inſerted at the 


End of his Theory of the Moon, in the third 


Book of the Principia, Ed. I.) And he found, 
that this Motion was about 40 Degrees annually— 


* 
1 


„Princip. Math. Lib. I, Sect. . 
| Similibus 
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Similibus computationibus, ſays he, invent . . . . . quod 
ip/ius (Apog ai) motus medius annus fit quali grad. 40. 


His Calculation then agrees here with the Obſer- 


vations, 


Mr. Marhin likewiſe having ſought, by a par- 
ticular Method, to know what the ſame Suppoſi- 
tion of à moveable Orbit would produce, at 
lenght found “ it only about one. half of the Apo- 
gee, as Mr. Clairaut and Sir Jaac Newton have 
both done; and for this Reaſon he contrived a 
direct Method, by which he found the annual 
Motion of the Apogee lo, conformable to aſtro- 
nomical -Obſervations,, that, the Difference Was 
only four Seconds: We ſee, then that Sir Iſaac 
Newton and Mr. Machin both gained the ſame 
End, by,. Methods valtly. different from each 
other. As to the moveable Orbit, their Calcula- 
tion agrees with that of M. Clairaut, but by 
directiy following Nature, it is found to agree 
with Obſervations ; this may convince Us, that 
the Hypotheſis can only be adopted as s purely 
parheriatical. 
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cer. Iv. 
T will not appear ſuprizing, that this Hypo- 
theſis of the moveable Orbit does not agree 


with the real Motion of the OS if we conſider 
theſe two Things. 


hh That hs Difference of the Forces required 
ſor a Body to deſcribe a fixed Ellipſis and a move- 
able Ellipſis, is, in an inverſe Ratio of the Cube 
of the Diſtance, as Geometricians well know ; 
but the difurbing Force of the Sun, which will 
be the Difference of the Forces, in this Hypothe- 
ſis, does not at all agree to this Proportion. 


e is a geometrical Truth, that the En- 
creaſe or Diminution of the central Force does 
not change the Quantity of the Area deſcribed 
in a given Time, by a body which makes its Re- 
volution round the Centre ; whence it follows, 


that the Moon actually deſcribes the ſame Area 


round the Earth in a given Time, as if the Action 
of the Sun was nothing, regarding only that 
Part of the ſolar Action which is directed to the 
Centre of the Earth, and which gives Motion 


to 


the Mot10N f the: Ars ps, &c. 7 


to the Apogee; but this Law cannot take Place 
into the moveable Ellipſis, becauſe, by rendering 
the Ellipſis moveable, the Area deſcribed is not 
the ſame in a given ok as in he immoveable 


e ee re cee * 


SECT. V. 


U Toi it may perhaps be objested, chat Sir 

Jaac Newton, in calculating the Motion of 
the Apſide, during one Revolution of the Moon, 
in a moveable Orbit, employs only half of the 
action of the Sun, as M. Clairaut remarks; and 
thus, by taking the whole Force, he-would have 
found the whole Motion : And in this Caſe 
the Hypotheſis of the moveable Orbit may bg 
admitted, even according to Sir aac himſelf. 


To this it may be anſwered, that Sir Jaac 
Newton indeed only employs one half of the ſo- 
lar Force in his Calculation; for this Force is the 
178, 25th Part of the Moon's Gravity towards 
the Earth, and Sir Jaac only takes the 357,45th 
Part of this Gravity: But we muſt — 


{ F. " fled b 
that he uppaſes the Force expre Y ; 775 7 


acts during the whole Revolution of che Moon; 
8 and 
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Anlllit i rent; that in order to find the Motion 
9 the Apogee wth Süppobtlon. he ought only 


hon ' 2 A 9113 x+ 
to take this Part, 'F VIZ. Fe. of the total F OTrce ; 


For f according to the Principles. of this 
great Man, the Motion of the Apogee is really 
retrograde during half of the Moon's Revolution, 
it is plain, that to find the Quantity of the direct 
Motion of the Apogee; it is indifferent whether 
we take the entire Force, ſuppoſing it to act 
during the Time of half a Reyolution, or half the 
Force, ſuppoſing that half to act during the 
whole Revolution: It & then certain, that Sir 
Haas Newton has fdund the whole Motion of 
the Apogee, as it muſt reſult fram the Hypotheſis 
al che moveable EIlip.d 9112 Sails . 
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JE RH A PS it e that 
as the three firſt Terms only of the general 
Equation, are. compared wich thoſe ef the Equa- 


aaf K 28. cet y V of tho, moveable 


emen Bur 57 * 


Ellipfis, in order to have the Value of the three 
indeerniinate” Quantities; | & ej , the Terms 


Rich remain. in the * Equation, after this 


2 ** Reduction 


the Moriox of the Apsis, &c. 9 | 


Reduction, would have a conſiderable Value, if 
the moveable Ellipſis does not correſpond to the 
Moon's true Orbit; for if they do correſpond, | 
the two Equations muſt really agree, as the Terms 
which remain in the general Equation would be 
equal to o, or at leaſt to a very ſmall Value: But 
it happens, that, by uſing this Equation, the 
Terms which remain after the Reduction, have 
only a very ſmall Value; hence we ought to con- 
clude, that the Motion of a moveable Ellipſis is 
very nearly correſpondent to the true Motion of 
the Moon. 


But this, Objection will have. no Weight in 
the preſent. Queſtion, if we conſider that the 
Reduction of the general Equation makes the 
two Equations neceſſarily agree; for the two laſt 


Terms of the general Equation have a very ſmall 
Value, becauſe Q, which multiplies them, is a 


very ſmall Quantity, as the Theory informs us, 
and as M. Clairaut himſelf acknowledges; if we 


equal the firſt Terms of the general Equation to 


the Terms 1 — e Cof. M U, it is plain that the 
other Terms which remain, and which are mul- 
tiplied by the Quantity Q, muſt neceſſarily be 
very ſmall, and not worth Notice. And from 
this it will alſo follow, that, as long as the Value 
of Q remains inconſiderable, we may introduce 
* Equations, quite different from that, which 


«a 


10 We THEORY o&f' 


agrees to the Moon's Orbit, to which nevertheleſs 
the general Equation, after being reduced, will 
agree; or the difference will not be material. 
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ASTLY, to prevent as much as © poſſible, 


every Objeftion which can be made, I think 


* one can doubt, that the Method of this learned 
Academician cannot be founded on the Hypo- 


| theſis of a moveable Ellipſis ; this is clear by the 


Reduction he makes, which neceſſarily gives to 
the general Equation the ſame Form with that 
of the moveable Ellipfis, as we have ſeen : But 


to be ſtill more aſſured, we need only compare 
the Formula, which M. Clairaut draws from his 
- Equation, to determine the Motion of the Apo- 


gee, with that which Sir Jſaac Newton found by 


« his Method | in the ſame Hypotheſis. Thus taking 


hs 1 of the firſt, m=1 * 4 in 


2 
— | 


which we have 4 = „ 


I 
| 178.725 
according to Sir Jſaac Newton, we ſhall have 


m 2 1 — 3c, which gives m = 1 — 5 very 


nearly, c being a very ſmall Quantity; and 
| ſince 


> AQ Ta MA = << @a_ owns cc wo 


the MoTiow of the Apsis, &c. rr 


| fince the Angle deſcribed by the moveable Orbit 

of the Moon, during one Revolution, is to 360 

Degrees, as 1 — m to 1; by calling this Angle 
RS 

2 7 


z, we ſhall have 360 +z = 360* x1 + 


which is the Angle deſcribed by the Moon in the 


moveable Ellipſis, during her Revolution from 
one Apogee to the other. 


The Formula of Sir Jaac Newton to find the 
ſame Angle, is 3605 2 but ——= 


1+ 3c very nearly; then of 5s 1+ — 


and 30 · J = $60* X01 +, This 
proves that the Formulæ of theſe two Geome- k 
tricians are the ſame ; and ſo the Orbit expreſſed 
by the general Equation, when reduced, is pre- 
ciſely that of the moveable Ellipſis. But I think 
the Reaſons before alledged are ſufficient to prove 
that this Hypotheſis is defective, and that we 
ought rather to hold to the direct Calculations of 
Sir Jaac Newton, and Mr. Machin, which depend 
on no Hypotheſis, and whoſe Reſults agree wich 
Obſervations. 92 
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General Methods of nd. ng the Moti ion of the 
' Apfides in Orbits a little excentrical, and 


e that 27 the * of the Moon's 
Orbit. N 
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METHOD I. 


SE CT, VIII. 


H I'S firſt Method conſiſts in ending the 
Time which a Body ought to take up in 


n in a right Line from the Point of the 


ſuperior Apſide to the neareſt Point of the Centre 
to which the Body can arrive, which is the in- 


ferior Apſide, conſidering only its recti lineal 
Motion, as it approaches the Centre, without 
paying any Regard to the circular Motion; this 
Time, as it is plain, is equal to that of the Re- 
volution of one Apſide to another. Eet APP 
(Fig. 1.) be the Curve deſcribed in virtue of a 


Force which tends to the Point T, and which 


let be as the Power » of the Diſtance from the 
Centre 


WP! 


2 


the Mor io of the Ars Dxs, &c. 13 | 


Centrys draw from. the Centre T to the Curve 


any line T P, and another T p infinitely near to 
TP, and from the fame Centre draw the Arches 
of a Circle PQ, pq, to meet the Line of the Ap- 
ſides T A inQ and g, and let m be the Interſection 
of the Lines PT, 2 qz it is evident that the 
Motion P p is compounded of the circular Motion 


p m, and the rectilineal Motion Pn, by which 


the Body approaches to the Centre: Calling then 
TA, 1; TP, x; and the Velocity with which 


the Body deſcribes P or Q 4, v; and ſuppoſing 
that the centripetal Force at the ſuperior Apſide 


' Ais = 1; and the centrifugal Force = q, which 


varies, as is known, reciprocally, as the Cube 
of the Diſtance, it is plain that the Force which 
makes the Body deſcend towards the Centre, is 
the Difference between the centripetal - and the 
centrifugal Force, that is to ſay, this Force is 


** — —, ; conſequently, according to the Prin- 
ciples of accelerating Forces, we ſhall have „ = 


25 8 ab 
„ Which gives Ne EE 


+ = — x being =} at the Time 


— 4 + 


1 r 


that vzo; . hence, by putting ? for the 
Time of the Deſcent through Pn, and 


neglecting the conſtant Quantities which multi- 


ply = Formula, becauſe we are "ſearching the 
D | | Ratios, 


14 We THEORY off. 
Ratios, and not the Equalities, we ſhall have 12 


3 4 — * * 
— | | I 
.. ke + —— + or? = 
a +1 2%X* u+1 2 


| 3 X 9x" e K % 
Let x=1—2, and we ſhall have a+ = 1 


— #+3 * + = "+2 xz + Sc. and 


the Trajectory being, by the Hypotheſis, very 
little different from a Circle, we may neglect 
all the Terms in which z ariſes to more than two 


Dimenſions z and therefore we ſhall have 7 = 
I—Z2X2 


==" or mare Fu” 
A4 2 — 2 X 2—11+4—q X22 _ 


1—2 X Z 


— 2 — 22 = o, and we ſhall 


find 2 = o, and. * 2 OM... . theſe two 
2 n+ 4—q* 


Values of 2 3 the two Points where 
the Velocity v is nothing; that is to ſay, if we 


tak A | : 
e — Xx TA, B is the Point 


weareſt the Centre to which the Body can arrive. 
ef | SECT, 
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3 4 
Y — —⅛ _ 2 — 
, * * m || 


— ” 
, / 
l F) 4 A 


8 ECT. IX. 


OW upon the Diameter AB deſcribing 
the Semi - circumference ACB, and 


drawing the Ordinate QC, the F luent of 


— 7 ˖— be "£41 x AC 


*+ c A — "+3, x AC +CQ then the 


Time ? of the Deſcent through AQ will be pro- 
portional ro this Quantity, If we take the infi- 
nitely ſmall part AN, and raiſe the Perpendicular 
N R M, which ſhall meet the Circumference 
ACB at R, and the Arch of the Circle A M, 
deſcribed. from the Centre T at M, then we 
ſhall have NR = AR, and conſequently the 
Time of the Deſcent through AN, proportional 


to 4 AR, but this Time is to the 


Time chat the Body would take up in deſcending 
through AN, by Virtue of the centripetal Force 
alone, or, which comes to the ſame, in deſcrib. 
ing the Arch AM, as 1 is to Vi-; becauſe, 
the Spaces being equal, the Times are in an 
inverſe Ratio of the Square-Roots of the accele- 


_ Forces; and the Time of. deſcribing the 
D 2 Arch 


W m. THEORY of ©: 


Arch AM, is to the Time of half a Revolution 
in the Circle AM, as the Arch AM is to the Semi- 
1 circumference; from hence, by Compoſition of 
3 all theſe Ratios, one may find the Ratio of the 
Time of this Half. Revolution, to the Time of 
the Deſcent throug AB: But, in order to put 
theſe Ratios and their Leer more diſtinctly be- 
fore the Eye, let us ſuppoſe in general, that 
ſome ſuch Expreſſion as T. AB denones the Time 
of the whe through AB, Sc. and, - according 
to the foregoing Realonings; we ſhall have, T.AB 
T. AN: $2: +3 X Ach : n+4—7 7 K AR. 
TAN! IT. AM II r Vi. T. aM R 
2: AM C (Where R denotes the Time of 
Half tlie Revolution in the Circle AM, and C 
the Sembeirtumſerence of the Circle.) From 
henee, by the Compoſitibn of theſe Ratios, T. B 


N 20 — A "FI V4 
XARKET. 1 22 N | 


1702 1019 rs 4,4 1415. . 10 


but we ſhall allo have, 8 WY 


7 7 2 fre? 1 X 


— * —- — f — — 


PR FERC 


, ACB : Cc: : Ig : 2:0 +4; . ; : \ 
AM; "AR : DO RAT han {AT Pow 


10 SUTLL v 


r 


ng ni 9% tür 245 1892 


But ſince we ſuppoſe che Orbin: be very 
—_— circular, we hall. 55 very * 
| and 


the Mor io f the Avs1DEs, &c. 17 


and conſequently, T. AB: R: AJZ. 
Then, by ſubſtituting the pra inſtead of 
the Times, the Angle e between the two 
pn TE 
conformable to that which we find in the Hypo 
theſis of a moveable' Orbit, -- + I 


which is 


Apfſides will be equal to 


SECT. . 


OW. as, we would 3 treat of the 
Motion of the Moon's Apogee, let us ſup- 
poſe that the centripetal Force is in an inverſe Ratio 
of the Square of the Diſtance from the Centre, 
and that we add to it a new Force, extreamly 
ſmall, which varies in à direct Ratio of the 
Diſtance, and which may be to the former, at the 
Diſtance TA, as © to 13 in this Caſe we ſhall 


have v = Th — era * 2 » which gives 


== £ + + 'L ; 
ON DT Ron ens > 


From — * by neglefting; che conſtant Quan: 
tities, we {hall have 3 
— * 


7 — * — 


. — _— 


mY VAT 2x — 20 ＋ & + Ox — 0+. | 
Afterwards ſuppoſing 1 — 2 = *, and rejecting 
the 


0 * 
- 
— — 
_ SR : = | © "IP TER. — —_—— 
- J 232 . 2 4 ae, 1 — — — * — E * E 
J ĩði(U N a ee 1 
ä l a. tc — ME. * 4 — ts. 


PRES 


V 4 e 23 


* 


3 — r 
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che Terms in which 2 "hath more than two Di- 


menſions, we ſhall find / [= — — X 2 —_— J 


4 


Rr Ir * 4 t | 2—q+59 
"077 1 n it is plain, that by taking (Fig. I. ) 
AB = — SAT TA, and deſcribing up- - 


e Une 2606-4. 
on this Diameter the Semi-circumference ACB, 


we ſhall have r = EH x AC c 
conſequently, if we ſuppoſe that the Circle AM 
is the Orbit that the Moon would deſcribe, by 
virtue of the Action of the Earth alone; by a 
like Reaſoning be Ari in che — r 
we ſhall have, YN i 


OT! 5 * 
481209 — 2 3 «© 4 4 lit - 11. ? : 10 » ww | 1 


T. ABT AN Te AB; Ak. 
. «(x 2 ARS ha y 1 * 
Te s eee 


143d 


: R-: 12 40 * ACB'x AM: e 
Ne . a AE * 
But becauſe we 1 e 5 


Ach: C go 2—4＋7 503 
and AM : AR : 2 3 . 23 „ 


i It becomes, 


T. AB ; R :; 1 +49: — 
; But 
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But ſince, by Suppoſition, the Force o is very 
ſmall, and therefore the Orbit very near circular, 
upon Suppoſition that q =1; and ſince the real 
Force, by whoſe Power the Moon deſcribes her 
. Orbit, is not- only the Gravity cauſed by the 
Action of the Earth, but the Sum of that 
Gravity, and the Action @ of the Sun; it 
follows, that the Semi-Revolution R is to the 
real Semi-Revolution of the Moon, which I call 
L, in the Ratio of /i+9 to 1; which will 
give | 

T. AB: L:: 1 ＋ 4 le: 1 TI: 


But TS ap Vie Therefore if, 


inſtead of the Times, we ſubſtitute the mean 
Motions ; the Angle deſcribed by the Moon, in 
its Revolution, from one Apogee to the other, 


1+ 
will be equal to 360. = or rather, becauſe 
the Force e is oY with reſpe& to the Moon, 
360 * 


is the 357. 7 Part of the Gravity of the Moon 
towards the Earth; therefore making p = 


, and that Force 9, as is known, 


I 
————> the Angle between the two Apogees 
357-45 ths ave 


f 2 63 ; Which 
will be 360 e 350.45 — 303 4 7 


cauſes 


oa A+ $4 — Fe + - — 2 _ — & . — 
5 * S r AS . 
3 2 g — — 
. 4 1 2 


E 


R 
N * — ; 
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eauſes the Apogee to advance 3 4 7 in one 


Revolution; which is exactly. conformable to 


ann b. ere 


" - 
. . - 
1 1 4 1 e —— tenet 
— —— E_ —— — — — 
- 
- 4 . . 


SEC'T. XI. 


Fon the Formula which pe have uſed, 
to find the Motion of the Apogee of the 


Moon, this Proportion may be evidently de- 


duced: Fiz, The mean Motion of the A 
tbe Apogee, is to the mean Motion of the Moon; 

VWIi—79 i 70 . We ſhall find "his 
Proportion is the ſame which “ Mr. Machin 


gives us, without any Demonſtration, if we di- 


ligently remark its Conſtruction. 


After this Manner I have endeavoured, as far 
as I was able, to unravel and analyſe the Idea 
which Mr. Machin gives us in Page 64. of the 
Treatiſe I mention, when he ſays, Thet there 
& is a general Method to determine the Motion of 
«* 2 Body, as it approaches to, or recedes from, 
<< he Centre of Force; without conſidering its Mo- 


tion round that Centre; and that this Method 


— 


a. 4 a * "x 1 r ” © % ” ” _— 
” * 


* The Laws of the Moon's Motion, p. 32. 


&« ſeems 


the W of PRs a Sc. 21 


e ſeems to be neceſſary for knowing the Laws of 
* the Revolution of @ Body, with Reſpect to the 
« Apfides of its Orbit, &c.” It is to be wiſhed, 
that this learned Geometrician had himſelf. pub- 
liſhed his Method; it would undoubtedly. have 
been much more perfect than this which is here 
given. 


wa 8 
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N the preceding Method, we have at ande 
one Part of the Motion of the Body, in ſearch- 

ing for the Motion of the Apſides; here we ſhall 
follow a different method, and conſider the Whole 
Motion of the body in its ; Orbit, without any Re- 
ſolution of it: In order to do this, we muſt firſt 


give a Solution of the Proplem. contained i in the 


following? Lemma. 8 b 
24 247 11021 
b 5] #3 3 
11 | 
3 
= 


yy * = — — 
7 * FI » wy = z _ vw = 4 * 7 
2 0 TT". +. T7 - a - " 
4 * - 8 - = — 5 5 * , A 7 
©V% 4E P 2 8 . + <a —_ = 
- "_ * . - 


« < C 
e 7 


: r 
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Ae. dt any Diftance from the Centre. 


Let C (Fig. 2.) be the Centre of Force, and 

E the. Point from whence the Body mult fall, to 
acquire at P the Velocity with which it is ſup- 
poſed to geſcribe, a C Circle, - of , which CP is the 
Radius ; it is demonſtrated (Prop. 3 39. Lib. 1. 
Princ. Math. Newton.) that if the central Force 


is in the Ratio of PC”, the Velocity acquired by 
the Body at P, in falling from the Point E, is in 


the Ratio of A n e ; and we 
know that the Velocity. 1 in the Circle; is as the 
Square-Root of the Product of the Force by 
the e to the, , that is to ſay, as 


KN Tai then che infinitely ſmall Part 
EM, and calling the Velocity 2, which the Body 
has acquired at P, by falling from the Point E, 
and C the Velocity in a Circle whoſe Radius is 
CP, v the Veloſity acquired by falling through 
the ſmall Space EM, and c the Velocity in a 
Circle, whoſe Radius is C E, we ſhall have the 
Ee "EA following 
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following Proportious (oblorving dar T 2 


* ® * 


Er E EM): % gudpe 2415 
bots * En og EM. 
v 3., 2BM.,: (- 23 
4 cn 1 01 Wh = 1-8 TO 


From e 52. 9W 18) Zaiba aaa! 
b coe — WF: er- 


Making * uv =C&,\ We. «ſhall . E 
24 * * 7 77 2 4 
cr. df GB S ty "lows: thas 


er 63 25 aa JJ =4JU am ve 


SEC T. XIII. 
UT if the central Forte e of che 


— 


he Rava:of. OÞ7, and *. M in cht Ratio of 
erf“, we thatt ſuppole "thi that che whole Forte i is 


expreſied in this Manger: SP * e being 
a> conſtant Qyantity 3 then. by applying to this 


_ the Demanſtration of the: 39th * 
E 2 ir 


Sum of ty F Forces, wh whe f thi one acts in 


wa = 7 kn — % . — hs ws g . 
4 CELTS» A RNA in — . ²˙· .. 


E err t ED == 


* CE _ Fi ec 


: $1 
| 5 + oP, 65 


Ti 22 


' . 
8 9 r - * * A. * oP v . 1 Y 
4 m TxHtorr on 


Sir 'ſaae Newton :above-cited, we ſhall find, that 
the Square of -the Velocity aoquared _ in Ss 


„ 


from the Height E. i proportional.to. 


TT; 


- - — 


from whence, by the ſame Reaſoning * as in La 


preceading. Cale, we deduce vo : TE? : | 


DI CI 1 


ener U J uh b 
afterwards to have 4 
being given, we need 


oe CE, *that of 


only make UU = CC, as in- — = 
— AN 


ing 1 7 APD, (Fig 3): re. 


x in which the Body makes 
8 92 8185 the 82 of Force T 


—— — and dràwothe Lines 
T 1 . infinitely .pear each other, and which 


CY being produced would meet the Circle at S and 3; 
erekr alſo the Perpendiehlar y N upon TP; and 


calling TA, 13 T, ni pry: 7 Uthe Ve- 
_ 4" Body deſcribes the !ſmal} 
Arch 
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Arch Pp; and ſuppoſing - that the centripetal 
Force at A is = 1, and that it varies as x", we 


ſhall have, by known Principles UU =— #3, 


from whence, by calling „ the Height from 


which the OE — to Ry: in order t r\ 8 acquire 


. — =. 
nr © 


direct Ratio of the Space run through, and an 


Inverſe one -of . the Time, and the Time is here 


proportional to the Area deſcribed: If i denotes a 
3 conſtant Quantity, it is = that we: 


ſhall have. che Equation — 


1 


— » 
m X K +58 


TIA. 

unn, — — I 8 

become — = Pay - ſubſtituting then 

this Jerermingd Value of mn, we ſhall find 5 3 
1 — : 7 

n afterwards, 


ſappoſing x'=1—z, and neglecting all the 
Terms in which 2 ariſes | to more than two 
Dimenſions, the Orbit being by the Hypotheſis 
very little different from a Circle, and making 
TP : pm :: TS: Ss, we ſhall deduce * 


; but ſince the Velocity is in a 


, which, as N will 


81 2 a ba 


£ 
4 
. 
N 
} 
Y 
* 
AJ 
4 


Sc = 


„ * — 0 
1 AM 22 22077 3 "DE TT of V\ 3s 57; 
= 0 „12 7 ＋7 af 


66 * 1 
df, — 2 57 Bf f. O I 
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** 


& = * Worry Ain ah 197 


To oe the, Rs Fluent of this Ty 
we muft obſerve, that when & = o, which hap- 
—_ ian the Points of the wo Apſides, the Equa- 
2 — 2 LEE NK + * 5 G0 sist 
tion, e l 0 E 341 11 . 5 291 112 6? —— Chan 8 


into * ieee f 203 


Fm 22 24. © , 
or, to Abrtdge it it, T, and 2 lr ch lt Ciſe 
1 : 
We: find; hat the; Flute of. == | 
III 1990 We o 
is the Ange 9 Bo. 1 deln ab 6 


tratnaly ſwall rn n 
| TDN, which paſſes through the Apſide, P, the 
Ah [of che Cirele AS: N, ar. the Angle ATP, 

O47 45 7 2101 - OJ ſon ira }| [4 ni een! 1 

wal be of 1899 a ; . : +2 etl x01 ©1 
Bake DAR /. Late 1. pol] 4 18 5 

but” ſince by the Wörth, the Orbit differs 


_ N | very 


— 


C9 
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very little from a Circle, by the firſt Caſe of che 


Lemma, we ſhall have +! = "72 which gives 


a 1 
— 1 2 2 = 1＋3 3 and eonſequently, 


| the . by TD compredenced_ —— the 


A gde 2 
K 955 
Method. | 


—  __ 
— 


$807. XV. 


E T us now fuppoſe that the central Force 
acts in an inverſe Ratio of the Square of the 
Diſtance, and that a new Force, which is very 
ſmall, is added, that ſhall be to the central 


Force at A as 9 to 1, and which encreaſes in a 


direct Ratio of the Diſtances it is plain that in 


this Caſe we ſhall have UU = = — gx , 


and if c dence the Height from which à falling 
Body, by its Deſeent to the Point P, will acquire 
the Velocity which it hath at this Point, it will 
become UV = ewe” Deer ry = x", froth 
whence we ſhall form, as in the preceding Caſe, 


the 


oy — 
1 an £ — 
— 3 * £2 * _ * 7 Y 4 Fa 
—_— * , * x Re 
. _ 4 7 q * 


1 


= 


| 2 T :. 1 dai Pp ” L793» 4 4 
the Equation '——— + 2 x Pray, = 


** cn 
| 2 1 | 
becomes m — 1 S + N= „ and 


. 
r 


from which we get, s = 
- — 


anti 2 l N. 


C 
— 


— 2 — 4 


22 — 
— 


7 — 


I 1 
= + X— ITS . 


—— — — 


Then ſuppoſe pro" — 2, and Tejeting all the 
Teams in which z has more than two Dimenſions, 
and making TP : 2m : : TS : Ss, we find Ss = 


1 I page ＋ * 3. — 2 
From whence- it is plain, that by applying here 

the ſame Reaſoning as in the preceding Section; 

Th the moe ATD SPIE between the Ap- 
. 


4 


— 
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ͤ—» 
1 FF. "I 


I © 
fides will be of 180% — —; 


But ſince, by the WORN the Orbit differs 
very little from a Circle, we ſhall have, in the 
ſecond Caſe of the Lemma, Section XIII. 2 = 
—2, „ 21, CP=1, and by the Equation 


UU = CC, we find 1—— + 72 = 


gives the Angle ATD of 180 * / -- . This 


Expreſſion of the Angle ATD is the ſame as that 
deduced by Sir Jaac Newton, from the Hypothe- 
ſis of a moveable Orbit, (Princ. Math. Lib. 1, 


Prop. 45. Coroll. 9 


EG. IfL 
F we do not particularly attend to the Series 
of Calculation in the preceding Section, we 
ſhall incline to imagine, that it will agree to the 
Caſe of the Moon; but by examining it nearly, 


it will appear that we have fallen into the Hypo- 
F theſis 


— 


* 


ͤà—gt:Uñ «ẽ ,,, — u—ͤ—ä 
* 


The THEORY of 


theſis of the moveable Orbit: To prove which, 
we ſhall make the two following Remarks. 


J. 


Although the Motion of the Moon is altered by 


the Action of the Sun (I ſpeak of that Part of 
the Solar Action which is directed to the Centre 
of the Earth, and which is that which cauſes the 
Change in the Poſition of the Apſides) yet the 
Area, deſcribed by this Planet around the Earth, 

is the ſame, in a given Time, as if this diſturbing 


Force exiſted not at all, and the Moon made her 


Revolution by Virtue of the Action of the 
Earth alone. 2 


9 
= 
. 


Let us ſuppoſe that the Circle AM is the primi- 
tive Orbit of the Moon; that is to ſay, the Orbit 
which ſhe deſcribes by Virtue of the Earth's 


Action alone, and that afterwards the Force of 


the Sun is joined to it, it is plain that this foreign 
Force has not contributed at all to produce the 


Velocity with which the Planet deſcribed the 


Circle AM, and that this Velocity is hat which 
ſhe has acquired by the Action of the Earth 
alone, in falling from a Height equal to the Ra- 
. dius TA: The diſtributing Force acts not till ſhe 


is peſt the Point A, and at this Point the Velocity 
which 
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which it produces becomes nothing; from hence 
it is evident, that by ſeeking, as we have done 
in the preceding Section, the Height c, ſuch as 
it ought to reſult from the continued Action of 
the Sum of the two Forces of which we are 
ſpeaking, we augment or diminiſh the real Ve- 
locity of the Moon: This is the ſame Thing as 
to give a Motion to its Orbit. Theſe two Re- 
marks being obſerved, it will be eaſy to apply 
our ſecond Method to the Caſe of the Moon. 


* 
thn tt _— ——___ — — — 
— — 
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W have then UU = = = = ors, 


and, according to the ſecond Remark, 


n 11% 
rern and conſe- 
quently, * — wy + 2 X 1 * — v X 


. whence, by making x = TA = 1, 


- 


we find m = —3 by putting this Value of m we 


find — =PTy = —ä — rr 


2 IT- + erer“; 
and ſuppoſing x = 1 —z, and rejecting the 
F 2 Terms 


” W 
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Terms in which 2 has more than two Dimen- 
fions, becauſe of the Smallneſs of the Force , 


. OY 2 , 
it becomes PTp = BEER rf , ti 


RA EIS}; 
$1452 * JJ 26 __ 
> 

then, calling C the Area of the Semi-circle ASM, 


and taking the Fluent, we find that the Space 
APD, comprehended between the two Apſides, 


is equal to — LY 2 x C; from which, ac- 
1 + 59. 4 

cording to the firſt Remark, the Time that the 

Moon employs to deſcribe the Semi- circumference 

AM, is to the Time T, which ſhe employs to 

deſcribe the Arch of the Orbit APD, as 1 is to 


BT Fer 3, „or as 1 is to , and the 


1 ＋ = V1+79 
firſt of theſe two Times is to the real Time L 
of the Semi- revolution of the Moon, as Ae 
to 1; hence T: L:: Vite: Vie; con- 
ſequently, by ſubſtituting the mean Motions in 
Place of the Times, the Angle deſcribed by this 
Planet in her Revolution from one Apogee to 


| 1 | 
the other will wow found of 360 * Ae er 


the firſt r Method, 


SECT. 


* 


z 
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SECT. XVII. 


T may be objected, that the preceding Me- 

thods will be far from giving us the true 
Quantity of the Motion of the Apogee of the 
Moon, ſince nothing but the mean Force of the 
Sun upon the Moon has been conſidered, and 
which has been ſuppoſed uniform in all the Points 
which are equi-diſtant from the Centre of the 
Earth, whilſt it is demonſtrated, that this Force 
varies according to the Angle of Elongation of 
the Moon from the Sun, that it is in ſome Points 
nothing, in others additive, in others ſubſtractive: 
But I think it may be demonſtrated in the follow- 
ing Manner, that it is indifferent whether the 
mean Force or the real variable Force be uſed. 


From the Center T (Fig. 4.) which repreſents 
the Earth, let the Circle QS M be deſcribed, 
which repreſents the Orbit of the Moon; let TQ 
be the Line of the Quadratures; and TS the 
Line of the Syziges; draw the two Radii TR, 
Tr, infinitely near each other, and erect the 
Perpendicular Rm upon TQ; and calling TR, 
r; Rm, y; Rr, 5; we know that the Action of 
the Sun, that makes the Apogee move, is pro» 

portional 
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2 to — which is nothing, when | 


_—y Rf 3 which | happens at the Point P, the 


Arch PQ being of 35* 16'; it is additive along 
the Arch PO, and makes the Apogee move te- 


PS, which is g4 44, and makes the Apogee 
* Now it is plain, that the Force which 
acts upon the ſmall Arch Rr is expreſſed by 


75 = 92, but the Fluent of J, for the 
whole Arch PQ, 1s the Space 2PTQ, and that 
of - 99% is C . drawing the Perpendicular 


PC; tient the Sum of the Forces which act 
upon the Arch PQ, will be expreſſed. by the 
Area 3PTC — PTQ; it may be found in the 
ſame Manner, that the Sum of the Forces which 
act upon the Arch PS is expreſſed by the Area 


2PTC + PTS, and by taking the Difference of 


w_ — we have . + PTS - 3PTC 
— > ST 
— * the mean ” "EP ” 3 


this Mean Force acting uniformly upon the Qua- 


damit of che Circle QS, produces the ſame 
Effect as the variable Force; the like Reaſoning 


— 1d good for the, reſt of the Circumference. 
* BE-CT. 


trograde; and it is ſubſtractive along the Arch 


? 


? 


is r 


Motion is direct. 
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TT follona, from ht has pre. tow fas 

that the Hypotheſis of a moveable Orbit does 
not give the true Motion of the Apſide, when 
the central Force is as any one Power of the 
Diſtance from the Center the Reſults which 
are deduced from this Hypotheſis being then 
conformable to thoſe which we have found by 
theſe two Methods above; but this not happen- 
ing in the Caſe when the central Force is com- 
pounded of the Sum or of the Difference of more 
Forces, we muſt therefore abandon this Hypo- 
theſis, and have Recourſe to the direct Methods. 


CEO oe 


CoRoLLARY II. 


T follows likewiſe, that when the foreign 


Force is additive, the Motion of the Apſides 
z and when it is ſubſtractive, the 


It 
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It muſt be obſerved, that with reſpect to the 
Moon, only one Part of the foreign Force which 
acts upon that Planet has been made uſe of in 
the preceding Calculations, that is to ſay, its 
Gravitation towards the Sun; this is the Part 
which is directed to the Center of the Earth; the 
other Part, which acts perpendicularly to the 
Radius of Revolution, has been neglected, be- 
cauſe this Force accelerates the Motion of the 
Moon in the Quadrant of the Circle QS (Fig. 4.) 
preciſely in the ſame Proportion that it retards its 
Motion in the other Quardrant S M; therefore, 
upon the whole, no Motion in the Apſides can 
ariſe from it. 


„— 4 _ _ — — * * 1 — —_ 4 4 * 4 2 N 


METHOD III. 
r 


HIS is a particular Method for the Moon, 

it ſuppoſes that. the Quantity of the 
Motion of the Apogee for a ſmall Interval of 
Time, in the Syziges and the Quadratures, is 
known: Now Sir Jſaac Newton found this Quan- 
tity (by what Method is unknown) as may be 
| ſeen in the Scholium which is at the End of his 
Theory of the Moon, in the third Book of the 


Principia, 
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Principia, Ed. I. where he ſays, 90 Similibus compu- 
tationibus inveni quod Apogeum, ubi in conjunction 


vel oppoſitione © folis verſatur, © progreditur fngilis 
dirbus 23 Teſpettu fixarum ;' ubi vero in quadraturis 
of , — Jingulis 18 16'3 une * 


This being fappoſed” it is neceſſary to demon- 
ſtrate the wig Theorem. N 


THEOREM. 


-> Suppels the Motion of - a Body that makes its 
Revolution] in a. Circle is compounded of two par- 
ticular Motions, one of which is uniform, the 
other variable, if the Difference of the Velocity 
in the different Points of the Circumference from 
the greateſt Velocity, be as the Square of the Sine 
of the Angle comprehended between each of the 
Points and the Point of the greateſt Velocity, an 
ellipſis may be found whoſe Area will repreſent 
the mean Motion. 


DEMONSTRATION. 


'F rom the Center T deſcribe the Circle QSM, 
(Fi ig. 5.) in which a Body may be conceived to 
make, its Revolution with a Motion compounded 
of two Motions, the one uniform, and the other 


variable; drawing the two Radii TQ, TS, 
ES .. 


# 
LY 
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perpendicular to. each ocher, let Qbe the Point 
of the greateſt Velocity, and calling e the ſmall 
Darn arch, deſcribed. at Q by the Power of the 
uniform Motion, 2 that deſcribed at the ſame 
Time by the variable Motion; we-ſhall have e+ 
for the Arch Qg, deſcribed by the greateſt Velo- 

r Grogee the ſmall horary Arch 

a 


es by the yariable Motion, by taking 
it negative, we ſhall have e — _ the Arch 


deſcribed by that Velocity, which is ſyppoſed the 
leaſt : The Difference eſe Velocities, namely, 


#-+1,:muſt always. be as the Square of the Sine of 
the Angle comprehended between the Point Q and 
any other Point L, taken in the Circumference. 
we draw the Sine LR, and the Radius LT, 
1— at the Point L will be e 


, and” ' conſequently the total horary Mg; 


tion in x 6 f Point will be rr 5 
LT hp 


Now let us conceiye a Cr HA ſuch, that 
the Areas which are there deſcribed by the Radius 


of Revolution may be proportional to the Time, 
and B being the Point where it cuts the Radius 
TL, draw BG parallel to L R, 1 
B G, 4; TB, x; PH, 3; TQ, r 

from the- Center T deſcribing the Arch Hr; 
3 wy we 
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we mall have Hs = N, and the Area 
N ' 35 8 R— c 4197245 heh) 

HTs = -—xe+#; in like manner as the 

circular Motion at the Point L was en — m+ =. 


* =, having TL: LR : : TB: BG; this 


Motion” reduced to the Point B. vin be — * 


i nete, and the Area deſcribed 
will be ref anda theſe 
Areas muſt be equal, we ſhall have * e＋ 
— 1 x m+n = = xeFns from whence 


mn _ _ . 
we draw xx — 5 fg bb. This prayes that 


the Curve HAC is an Ellipfis whoſe Semi-axis 
TH; 3, is to the Semi-axis TA, which call a, 
as Ven i is to Ven; that is to ſay, recipro- | 
cally as the Square-roots of the Velecities at the 
Points Q and 8; the Area then of this Ellipſis 
will repreſent the mean uniform Motion. QE. D. 


Ik the Exceſs" of Velocity in all the Points I. 


0 Velocity at the Point S, increaſes 
G 2 as 


\L : 
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as the Square of the Sine of the Angle LTS, one 
might alſo demonſtrate, in the ſame Manner, that 
the Curve HAC is an Ellipfis, 


s EC r. XXII. 


R. Machin, having contented himſelf with 
ſimply giving us this Theorem“, I have 
been willing to give its Demonſtration, both on 
account of its Beauty, and alſo for the great Faci- 
lity it affords, not only in determining the Mo- 
tion of the Apogee, but likewiſe a very great 
Number of other Circumſtances of the Moon's 
Motion, as the learned Author has ſhewn i in the 
2 juſt now quoted. 


. Suppoſe then that TQ . the Line of the 
Quadratures, and TS the Line of the Haiges, 
and the Motion in the Circle QSM is the Mo- 
tion of the Moon, according to her Elongation 
from her Apogee, that is to ſay, that this Motion 
is the Sum or the Difference of the uniform Moti- 
on of the Moon and the Motion of the Apogee; 
now as this laſt is proportional to the Force which 
2 and this e is proportional to the 


* ** 


— — — 
5 he Laws ; of the 0 Moon's Motien, P. 18. 
Quantity 
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Quantity 2, by calling LR, „, we ſee 
that this Force is expreſſed by r at the Point Q; 
and ſo the Difference between the Velocity of 


circular Motion at the Point Q, and the Velocity 
of that Motion at the Point L, is proportional to 


3 „ that is to ſay, to the Square of the Sine 


of the Angle of Elongation at tne Point Q; 
then becauſe it is demonſtrated that the Curve 
HAC will be an Ellipſis, and its area will repre- 
ſent the mean Motion of tne Moon, whilſt the 
Area of the Circle will repreſent the Motion of 

that Planet from her Apogee ; the Points P, P, 
where this Ellipſis cuts the Circle, are the Points 
in which we have — IL So, or = = 
then by the Property of the Ellipſis we ſhall have 

bb rr 


in theſe Points, _ 7 -*; 


which gives: rr = but ſince the Area 
of an Ellipſis is to n 


that is to ſay, as 1 to > we may deduce 


this Proportion; the mean Motion of the Moon 
is to the mean Mation of the Moon from her 


Apogee, as 1 is to — >; then if we ſuppoſe 
chat 


4 The THEORY, G. 
that the Elongation of the Moon from her Apo- 


gee is of 360 degrees, that is to ſay, ſhe makes 
her Revolution won ane Apogee to the other, 


* 4 v7 * — o © * # of | * 2 41 
ave” 3 X -— = 300" x 
* - - - * ad — = . o 
. a 
„ £4 * — c S © #2 ks 4 F4 % + — 1 1 
, + # $4. 4 * - . ff . 5 * 4a . 


— = for” the mean Motion but 
— * - F * 

we have e = 13* 10 2s”, n= 16 20” and 
1 2 245 and by the mean of theſe Values we find 
that the mean Motion is 363 602, and conſe- 
quently the Progreſſion of the 3 3561: 
The ſmall Difference between this Reſult and that 

of the two preceding Methods will vaniſh, if Wwe 
confider that the Motion of the Apogee in the 
Time of the Syziges and Quadratures has not been 
exactly determined by- Sir- IJſaac Meuton, as he 
himſelf acquaints us; for ſays he, Computationes | | 
atem ut *nimis perplexas & approximationibus impe- 
digas, * neque ſatis. atcuratas, apponere non laber. 
If we determine the Values of m and = by the 
Formule: which the Hypotheſis-of: a moveable - 
Ellipfis furniſhes, we ſhall only find ou 10 37 a A 
for the Motion of the Apogee. 
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